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Chapter 1 



Introduction 



In 1 11], Hamilton determined a sharp differential Harnack inequality of 
Li-Yau type for complete solutions of the Ricci flow with non-negative 
curvature operator. This Li-Yau-Hamilton inequality (abbreviated as 
LYH inequality below) is of critical importance to the understanding 
of singularities of the Ricci flow, as is evident from its numerous ap- 
plications in |10], |12|, |13|, and [0]. Moreover, it has been informally 
claimed by Hamilton that the discovery of a LYH inequality in dimen- 
sion 3 valid without any hypothesis on curvature is the main unresolved 
step in his program of approaching Thurston's Geometrization Conjec- 
ture by applying the Ricci flow to closed 3- manifolds. See [^ for some 
of the reasons why such an inequality is believed to hold. (One may also 
consult the survey paper Q.) Based on unpublished research of Hamil- 
ton and Hamilton- Yau, the search for such a LYH inequality appears to 
be an extremely complex and delicate problem. Roughly speaking, their 
approach is to start with the 3-dimensional LYH inequality for solutions 
with nonnegative sectional curvature and try to perturb that estimate 
so that it holds for solutions with arbitrary initial data. Because of an 
estimate of Hamilton |13] and Ivey ||T^ which shows that the curvature 



operator of 3-dimensional solutions tends in a sense to become nonneg- 
ative, there is hope that such a procedure will work. Some unpublished 
work of Hamilton and Yau appears close to establishing a general LYH 
inequality in dimension 3. However, so far no such inequality is known. 

Due to the perturbational nature of the existing approaches, it is 
also of interest to understand how general a LYH inequality one can 
prove under the original hypothesis of nonnegative curvature operator. 
In this direction, Hamilton and one of the authors p] obtained a lin- 
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ear trace LYH inequality for a system consisting of a solution of the 
Lichnerowicz-Laplacian heat equation for symmetric 2-tensors coupled 
to a solution of the Ricci flow. Since the pair of the Ricci and met- 
ric tensors of a solution to the Ricci flow forms such a system, their 
linear trace inequality generalizes the traced case of Hamilton's tensor 
(matrix) inequality. In |l^ Hamilton had already observed the formal 
similarity between his proof of the 2-dimensional trace LYH inequality 
for the Ricci flow and Li and Yau's proof ||l6[| of their Harnack inequality 
for the heat equation on Riemannian manifolds. In a sense, the linear 
trace inequality generalizes this link to higher dimensions. In dimension 
2, meanwhile, the link was made stronger and more evident by the dis- 
covery [y] of a 1-parameter family of inequalities interpolating between 
the Li-Yau and linear trace estimates. 

In another direction, one recalls that Hamilton's matrix inequality 
is equivalent to the positivity of a certain quadratic form. Hamilton 
observed ||I^ that the evolution equation satisfied by that quadratic 
suggests that his LYH inequality may be some sort of extension of non- 
negative curvature operator. This was shown to be true by S.-C. Chu 
and one of the authors in ^. They introduced a degenerate metric 
and a certain compatible connection on space and time that extends 
the Levi-Civita connection of a solution of the Ricci flow. They proved 
that Hamilton's quadratic is in fact the curvature of that connection. 
Because the space-time metric and connection satisfy the Ricci flow for 
degenerate metrics, one can then apply the methods of [^ to show that 
the quadratic satisfies a nice evolution equation. This fact is the starting 
point for the present paper. 

In this paper, we prove a new differential Harnack inequality of Li- 
Yau~Hamilton type for the Ricci flow by generalizing the construction in 
IQ. Our inequality applies to solutions of the Ricci flow coupled to a 1- 
form and a 2-form solving Hodge-Laplacian heat-type equations. In this 
sense, one may regard it as a linear-type matrix LYH inequality. In its 
general form, it looks quite different from Hamilton's matrix inequality 
— except in the Kahler case, where as a special case, one may take 
the 1-form to be the exterior derivative of the scalar curvature and the 
2-form to be the Ricci form, thereby obtaining an inequality slightly 
weaker but qualitatively similar to Hamilton's. (Note that Cao |j^] has 
extended Hamilton's LYH inequality in the Kahler case to solutions 
with nonnegative bisectional curvature.) We state the general form of 



our result (Theorem 40) as our 



Main Theorem: Let {A4,g{t)) be a solution of the Ricci flow on a 
closed manifold and a time interval [0, i7). Let Aq be a 2- form, which is 
closed at t = 0, and let Eq be a 1-form which is closed at t = 0. Then 
there is a solution A (t) of 

^^A = AdA, A{0) = Ao 

and a solution E {t) of 

^^E = AdE-d\A\l, E{0) = Eo 

which exist for t S [0, Q), where —A^ == d5 + 5d is the Hodge-de Rham 
Laplacian. Suppose that the quadratic 

^ {A, E, U, W) 

= Rm {U, U)-2 {VwA, U) + \A {W)\^ - {VwE, W) 
= RijMU'^U"' + 2W^VjAkiU'^ + {g'"'A,pA,g - V,E,) wm' 

is non-negative at t = for any 2-form U and 1-form W . Then the 
matrix inequality ^ {A, E, U, W) > persists for all t G [0, Cl). 



The above hnear-type inequahty is a special case of Theorem 39 ob- 
tained by taking a Umit which actually scales away part of the main 
highest order terms in the more general LYH matrix inequality estab- 



lished in Theorem 3£. 



Corollary A: Under the hypotheses above, the trace inequality 
0<Tp{A, E, W) = Re {W, W)-2 {6A) (W) + 1^1^ + 6E 

persists for all t € [0, Q) . 

Corollary B: Let {Ai,g (t)) be a Kdhler solution of the Ricci flow with 
non-negative curvature operator on a closed manifold Ai. Then for any 
2-form U , 1-form W , and all t > such that the solution exists, one 
has the matrix estimate 

< Rm ([/, U)-2 {VwP, U) + ^ \Wf + - Re {W, W) 
+ Re 2 {W, W) + ^ (VVR) {W, W) , 
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where p is the Ricci form. By setting U = X AW and tracing over W , 
this implies the trace estimate 

0<^i?+^ + ^ + 2(Vi?,X) + 2Rc(X,X) 

for any 1-form X. 

Although this LYH inequahty is weaker than the trace inequahty 
special case of the matrix inequality in Q, it qualitatively similar, and 
it arises from a much more general inequality. 

Corollary C: Let (A4^,g(t)) be a solution of the Ricci flow on a 
closed surface. If {(p, f) is a pair solving the system 



|/ = A/ + *^ 



then the trace inequality 



O<i?|X[2 + 2(V0,X) + ^/ 

is preserved. 

This paper is structured as follows: 

• In §Q, we extend the methods of Q to the case of the Ricci flow 
with a cosmological term fi. Only by doing so for fi = 1/2 are we 
able to display Hamilton's differential Harnack quadratic of Li-Yau 
type as exactly equal to the curvature of a space-time connection, 
and thus to provide the reader with a precise glossary between the 
space-time approach and the computations in |11]. A similar but 



less precise correspondence was earlier established in |4[. 

In ^, we study all symmetric space-time connections that are com- 
patible with the degenerate space-time metric and evolve via the 
Ricci flow for degenerate metrics. Because these connections are 
not unique, their curvature tensors yield new Li-Yau-Hamilton in- 
equalities, which include Hamilton's matrix inequality as a special 
case. We then employ scaling arguments to derive a non-negative 
symmetric bilinear form on space-time, which is equivalent to the 
quadratic ^ described in classical language in the Main Theorem, 
and whose traced form yields Corollary A. 



In §Q, we develop some examples in order to compare a few special 
cases of the new Li-Yau-Hamilton inequality with known results. 
In particular, we derive Corollary B (Proposition ^) and Corol- 
lary C (a result of tracing the matrix inequality in Proposition 



Ml- 
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Chapter 2 

The Ricci flow rescaled by 
a cosmological term 

2.1 Self-similar solutions of the Ricci flow 

In this section, we recall the equations for self-similar solutions to the 
Ricci flow (called Ricci solitons by Hamilton) in order to motivate the 
introduction of the Ricci flow with a cosmological term. The basic 



reference is §3 of |11|. 



Definition 2 A solution {A4'^,g{t)) of the Ricci flow 

d 

on a time interval 2 containing is called a homothetic Ricci soliton if 

g{;t) = a{t)irt9){-) (2.1) 

for some fixed metric g on M., some function a of time satisfying 
a (0) = 1, and some 1-parameter family of diffeomorphisms {(j)t : t €l} 
generated by vector fields —V (t) with the property that their dual 1- 
forms are closed: 

S/iVj = VjVi. (2.2) 

In this case, we say that {A4^,g (t)) flows along V. 

It is not obvious that the representation (0) is unique, because 



the family {(pt} may contain homotheties. We put equation (2.1) in a 
canonical form as follows: 

7 
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Lemma 3 Suppose g is a homothetic Ricci soliton having the form 
^2.1\) . Let a = a(0), and let {ipt : t & Z} be the 1-parameter family 
of diffeomorphisms generated by the vector fields 



1 



1 + at 



vm, 



with ipo = id_A/(. Then 



g{;t) = il + at)irt9)i-)- 

Proof. Let G (t) be a smooth 1-parameter family of metrics, and let 
{6t} be a family of diffeomorphisms generated by vector fields —W (t). 
Then we have 



I WOW) 



d_ 
ds 



_ ((),V,G (( + »)) 



dt 
d_ 



d& 



s=Q 



[e^^oe.^sYieiGit)) 



G(i))-%i)^VK(t)(^rG'(t)) 



ei{^^G{t)-Cw^t)G{t)^. 



Applying (|27^ ) with G (t) = a (t) g and 9t = 4>t, we get 



Rc{g) 



1 d 



9{t) 



Id 



9 + Tj'/'t {^V{t)9) 



(2.3) 



(2.4) 



Now define 



g (t) = (1 + at) irt9) ■ 
Applying ( |2.3| ) with G (t) = (1 + dt) g and 6t = ipt, we obtain 

0^9 (t) = ipt [ag - '^^y(o) ((1 + «*) 9)) = iPl {ag - Cv(< 
But evaluating equation ( |2.4D at t = shows that 

Rc(5) = Rc(5)li=o 
Hence 



1.. 1 ^ 
-ag + -Cv(o)g. 



d_ 
di 



git) = rti-2Rcig)) = -2Rcigit))- 
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So g (t) is a solution of the Ricci flow with g (0) = g (0). Since solutions 
of the Ricci flow are unique, it follows that g (t) = g (t) for as long as 
both solutions exist, q.e.d. 



The gist of the lemma is that in ( |2.1| ) and (2.4) we may assume 
a{t) = a is independent oft, so that a (t) = 1+dt and a (t) V (t) = V (0) . 

From the point of view of motivating the differential Harnack in- 
equality of Li-Yau type, Hamilton considered the extreme case for the 
function a (t) in the definition of Ricci soliton. In particular, he was in- 
terested in the case where the initial metric g (0) is singular (such as the 
metric of a cone) and the metric g (t) expands as t increases. Formally, 
this corresponds to letting a = a (0) tend to infinity, 

a a 1 

lim — = lim — = —, (2-5) 

a— »oo (2 a— >oo 1 -\- at t 

and motivates the following definition: 

Definition 4 A solution {M^,g{t)) of the Ricci flow 

d 

on a time interval (0, Q) containing 1 is called an expanding Ricci soli- 
ton flowing along V if 

g{;t)=t{e:g){-) (2.6) 

for some fixed metric g on M and some 1-parameter family of diffeo- 
nfiorphisms {9t : t E (0, 0)} such that 9i = id_/v4 CLiT'd the dual 1-forms of 
the vector fields —V{t) which generate 6t are closed. 



Differentiating (|2.6| ) leads to the equation 

R^, = ViVj - -gij, (2.7) 

where V {t) = jV{l). Notice that ( ^.71) can be obtained formally by 
passing to the limit (|2.5|) in equation (|2.4D. 



Now observe that t~^g{t) = Of {g {!)) evolves by diffeomorphisms. 
This motivates us to make the following transformation for any solution 
g (t) to the Ricci flow: 

9 (t) = ^g it) . 
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To get a nice equation for g, we change the time variable by t = Int. 
Then g (t) is a solution to the equation 

d „ /^ 1 



Qf9ij — 2 ( Rij + ^ gij 

on the time interval (— cxD,lni7) containing t = 0. We call this equation 
the Ricci flow with cosmological constant 1/2. More generally, there is 
the following: 

Definition 5 We say that {Ai^,g{t)) is a solution of the Ricci flow 
with cosmological term jj,{t) ^W on a time interval I if 

--gij = -2 {Ri, + f,gi,) . (2.8) 

A solution of the Ricci flow with cosmological constant fi = 1/2 is 
an expanding Ricci soliton 

1 a _ _ 1 

~2dt^'^ ~ ^'^ ~ ^'^^ ~ 2t^'^ 

if and only \i g(t) = e~^g ( e* I satisfies 



1 d _ - l_ - - 
~2dt^'^^-^'^^2^'^^^'^^' (2-9) 

where Vj (F) = Vj (t), hence if and only if g (t) is a, steady Ricci soliton. 
Note that V^ (t) = g^^ (i) Vj (t) = tV^ (t) = V'' (1) is independent of i, 
so that 

^V'' = 0. (2.10) 

dt ^ ^ 



Taking the divergence of (P^), using (|2.2D , and commuting derivatives, 
we compute 

^VjR = ViV% = VjV^V' + RjkV'' = Vj {R + ^)+ RjkV^ 

and thus obtain the following useful identities, valid when ^ = ^: 

^Vi? = Ay= -R^(y). (2.11) 
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2.2 The space-time connection for the Ricci flow 
rescaled by a cosmological term 

In this section, we show that the definition of the space-time connection 
for the Ricci flow in Q may be extended to the case where there is a 
cosmological term fi (t) in the flow equation. Motivated by the discus- 
sion in the previous section, we are mainly interested in the case ^ = ■^. 
Since the relevant computations are modifications of those in |Q], we 
shall omit many details of the proofs. 

Let A4 = 7W" X Z and denote the time coordinate by x^ = i. Recall 
that the degenerate space-time metric on T*JV[ is defined by 

•^ r g^^ ifi,i>l . 

^ ^ \ ifi = Oorj = ■ ^ ^ 

Modifying the definition in [^, we define a symmetric space-time con- 
nection V by specifying its Christoffel symbols to be 

(CI) 

(C2) 

(C3) 

(C4) 
(C5) 



Lemma 6 The connection V is compatible with the degenerate metric 
g: for all i,j, k >0, 

^i~g^^ = 0. 

Proof. This is a straightforward computation using the identity 

Vfg^^ = dfg^^ + fl^~gP^ + t%~g^P 





J^ ij - J- ij 




ffo = -(A' + M 




f So = -^v^^ 




f Ho = -/^ 




f _ f _ Q 


where i, j, A; > 1. 





with formulas (O), (0), and (C5). q.e.d. 



Given a time-dependent vector field VF (t) on A^, we associate to it 
the space-time vector field 

W{t) = ^- + W{t). 

In local coordinates, W*^ = 1 and W^ = W^ if j > 1. 



12 
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Lemma 7 The formulas for the covariant derivative of the vector field 
W are 



ViW^ = ViW^ - (R{+i^6i 



d 



dt 



VqW^ = -n 



VoM^^ = T^w^ - [Ri + Mw'' - -vm 






(CWl) 

(CW2) 

(CW3) 
(CW4) 



for all i,j,k > 1. 

Proof. This follows from ViW^ = diW^ + YJ^^-^ t{pWP + tl^W^ 
and all of the formulas (ni)-(P^). q.e.d. 

We can now make the important observation that the space-time 
of a steady soliton flowing along V has a geometric product structure. 
Recall that a parallel vector field on a Riemannian manifold M gives a 
local splitting of TV as the product of an open interval with an (n — 1)- 
dimensional manifold V. Hence the observation follows from: 



Proposition 8 If g (i) is a steady soliton of the Ricci flow with cosmo- 
logical constant fJ- = 2 flowing along the vector fields V it), then 



V. (e5*yV=0 



for all i,j > 0. That is, the space-time vector field e^^V is parallel. 



Proof. If i = j = 0, the formula follows from (|CW3 ). For the case 
i = 0, j > 1, we apply equations ([CW2D , ( |2loD , and ( pi]) . If i > 1 and 
j = 0, the formula follows from (CW4). And for the case i > 1, j > 1, 
we apply (|CWlD and (p^. q.e.d. 



2.2.1 The Riemann curvature tensor 

Denote the Riemann curvature tensor of the space-time connection V 
by 

(2.13) 



R{X,Y]Z = V^VyZ - VyV^Z - V^^^y^Z. 



Since e^^V is parallel and R (X,Y] Z is a tensor, we immediately get: 
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Corollary 9 If g (t) is a steady soliton flowing along V (t) with jjl = 2, 
then 

r{x,y\v = Q (2.14) 



for all X and Y . 

We shall see in the next section how this relates to the derivation of 
the Li-Yau-Hamilton quadratic in §3 of @. 

The formulas for the space-time Riemann curvature tensor are as 
follows: 



ition 10 


If i,j, k,i > 1 and a 


,h,c>Q., 


, then Rm satisfies: 


^ijk ■ 


= Rijk 










(Rl) 




= ^jRi - 


- ^^^ 








(R2a) 


^Ojk ■ 


= ^'Rjk 


- V,i?j 








(R2b) 


R^ 
-n-JOO 


dt ' 


-\V.V^R- 


ml - 


fiR^i + 


dt^^ 


(R3) 


^abc - 


= 0. 










(R4) 



Remark 11 The standard asymmetries satisfied by the curvature of 
any connection imply in particular that 

^Ojk + RjOk = 

Because V is torsion-free, the first and second Bianchi identities take 
the form: 

^ijk + Rjki + ^kij = (^1) 

^rriRijk + ^iRjmk + ^ j^mik = (^2) 

for all i,j, k,i,m > 0. 

Remark 12 Using the evolution equation 



d_ 
dt 
we may rewrite (Ifljjj as 



Rl = ARl + 2Rl^^m + 2fiRl 



Moo = m - \y^y'R + 2R[,,m - R^Rl + f,Rl + ^5l 



14 
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The identities in Proposition (10) are proved in a manner similar to 
Theorem 2.2 and 3.1 of Q, which give the corresponding equations for 
the case ^ = 0. 

The components of the Ricci tensor are given by Rjk = Sf^g-^iifc ~ 
Tif^iRJ-f^. Hence tracing (as in Corohary 2.4 of |^) gives the following: 

Corollary 13 The Ricci tensor satisfies the identities: 



ij ij 



Roj 
-Roo 



2dt dt 



(Rcl) 
(Rc2) 

(Rc3) 



As in Lemma 3.3 of 



we notice that: 



Remark 14 The covariant derivatives of the Ricci tensor obey the sym- 
metries 



Vj-Roo = Voi?io 



(CRcl) 

(CRc2) 



for all i,j > 1. 



Proof. Using (|Rc2D and (1C2D , we find that 

Vj-Rjo = ^iVjR + R^j + fiRij = VjRio, 
which proves equation ( pRcl ). Using ( [Rc2|) and (Rc3), we get 



V.ii, 



i-n-oo 



Vni?^ 



0-n-iO 






where p is summed from 1 to n. Equation ( |CRc2| ) then follows by 
applying formulas (|C^)~(lC^) and (|Rcl| )" (|Rc3|) . q.e.d. 
Generalizing the definition in y], we have the following: 



Definition 15 A degenerate metric and compatible connection [g,V 
satisfy the Ricci flow with cosmological term fj, if for all i,j, k >0, 



dt '^ ^ 



ViRiP - V.RiP + V,R. 



'i^ji 



j-na 



' i-tlij 



(2.15) 
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Proposition 16 The pair (5> Vj satisfies the Ricci flow with cosmo- 
logical term ^. 

Proof. If i, j, A; > 1, the standard formula 






^i ( T^fa^i ) + ^M 7^5i£ ) - VW T^5i,- 



shows that ( 2.15 ) holds. If fc = 0, the result is trivial by equations (C4) 

^P fjk _ -pfc oP 



and (|C5|). If i = and j, A; > 1, the observation fL-Rp = T^ R^- and 



identity (|CRcl| ) together imply that 






-vor) - yM + v^i?o, = -voi?? = -^M = -^n,. 



If i = j = and A; > 1, the observation T^^R^ = Tq^R^ and identity 
(ICRc^) imply 



d fl^.^\ d 



q.e.d. 

Lemma 17 // /i is constant, the space-time curvature tensor satisfies 
the divergence identity 

r'^p^jk = Rojk (2.16) 

between components of the (2, l)-tensor on the LHS and components of 
the (3, l)-tensor on the RHS. 

Proof. If j > 1 and A; > 1, this is just the contracted second Bianchi 
identity 

-gP'^Vpiilj, = VPR'pj, = V'R,k - VkR]- 



If J > 1, A; = 0, and /i is constant, this follows from Remark 12 and the 
calculation 

gP^Vpi?^,.o = -Ai?j + \v,V'R - 2RPiR%g + Rp'j, - fiR'j. 

If j = and A; > 1 , one computes 

~g^'^Vj,RU = ^"^kRl - VPV'Rpk + R^^R'pmk = '^R^^Kmk = 0- 
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Finally, ii j = k = 0, one obtains 

-^R'^V^R-RP'^V'Rp, 
= 

by a straightforward calculation. (See also Lemma 2.2 and the remark 
after it in B). q.e.d. 



Remark 18 Tracing formula (2.16) and applying (Bi) yields 



Ri = g^'g^'Vp^jk = g^'^pRl = ^v^i? = ^-V'R, 



in agreement with (Rci). 



The evolution equation for the space-time curvature tensor is given 
by: 

Proposition 19 ///i is constant, then 

^oRfjk = ^Rijk + 2 i^B^ijk - Bjik - -Bjfcj + B-kjJ + '^I^Rfjk: 
where 

r>e _j_ _ ~pg fjm ni 
■'-'ijk ■ y -'^pij^^kqm' 

Proof. This formula may be proved along the lines of [p. Instead, 
we give an alternate proof using the space-time Bianchi and divergence 
identities. We note that taking the covariant derivative of identity ( ^.16 ) 
yields 

^iRojk = ^« [g^''^ pRqjkj ~ ^laRmjk- 

So by using (p2D, substituting, and cancelling terms, we directly obtain 



^oRijk — ^iRojk ~ ^jRoik 



g ( ^i^pRqjk ~ ^ j^ pRqikj ~ ^ioRmjk + ^ joRmik 
^^i'jk ~r ^g \ ^ipk^jqm ^ipm^j 



Hjk ~r ^g y-'^ipk-'^jqm ^^ipm-'^jqk 

— 7f"i R™ 7?^ -I- 9// 7?^ 
g ^'ijp^'qmk "•" ^r''^ijki 
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where A = g^'^'^pVq is the space-time Laplacian. Then using (Bl) and 
the identity B^-f. = -g^'^R^jiRimq: ^^ conclude 



'9 \ pji pij I \ kqm ^kmqj ' ■^f^-^ijk 



^R-ijk + 2 ( -Bjfcj - -BjTsi - Bjik + Bijk) + 2^^?; 



Hjk' 



q.e.d. 



2.2.2 Space-time curvature as a bilinear form 

We shall find it convenient to regard the curvature tensor as type (4, 0) . 
Since the space-time metric is degenerate, we lower indices as follows: 



R 



ijk 



if^> 1 



9ipR^jk 

-9kpR^ji if ^ = and A; > 1 . 

i{e = k = 0. 



(2.17) 



We may now consider Rm to be a symmetric quadratic form on A'^TM 
by defining 

n 

'-^'' (2.18) 



Rm (5, fj = Yl R^JkeS'^f' 

i,j,k,e=Q 



Note that this differs slightly from |^], where Rm was regarded as a 
tensor of type (2,2). 

Setting -Bjjfc£ = —g^'^R^jRkqmi, we restate Lemma |l^ in the form: 

Corollary 20 // /.i is constant, then 
^oR'ijkt = ^Rijkt + '2 [Bijke — Bjike — Bjkn + BikjA +'2fJ'Rijke- (2-19) 



Recall that the degenerate metric g induces an inner product and 
Lie bracket on A^T*7W as follows: 



S,T) = g"'g^^Sijfki 



S,f 



~9'\ 



g ( SikTfj — TikSt 



•>ej 



(2.20) 
(2.21) 



(Compare formulas (10) and (11) in Q.) The structure constants C^ 
defined by 



ab,cd 



Ct-''"^dx' A dx^ = 

''J 



dx"- A dx^ , dx" A dx"^ 
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for 0<a<b<n, 0<c<d<n and < i < j < n are then given by 

^ab,cd ^ ^a^d~bc _ SC^b~ad^ 

In terms of the natural isomorphism between A'^T*A4 and A'^T*Ai © 
A^T*A4, formula ( |2.21D corresponds to 

[X®V,Y(BW] = [X, Y] © {V^Y - W^X) , 

where j denotes the interior product. Analogous to 0| and the extension 
in Q, we define a symmetric bilinear operator ^ on A'^T*A4 (^I\^T*A4 

by 

and adopt the notational convenience F* = F^F. We also define the 
square of an element in A^T*M® A^T*M by 

FijM ^ 9"" 9 "FijabFcdki- 



With these definitions, following 1^] and [^, we find that ( 2.19| ) takes 
the form: 

Lemma 21 If fi is constant, then 

"^oRijki = ^RijM + RijM + ^ijM + '^f^^ijke- (2.22) 

We omit the long but straightforward computations. 

2.3 Hamilton's quadratic for the Ricci flow 

As was remarked in [Q], the results above give an explanation for the 
surprising identities observed by Hamilton in §14 of [l^. Here, we shall 
exhibit a correspondence between the machinery Hamilton uses to prove 
his tensor inequality and the geometric structure of space-time, in order 
to show that his quadratic and the assumptions made in its derivation 
arise very naturally in the space-time context. A similar but less precise 
correspondence appeared earlier in Q. 

Recall that Hamilton proved that for any 2-form U and 1-form W 
on a complete solution (7W",g(t)) of the Ricci flow with non-negative 
curvature operator, the quadratic 

Z = Z{U,W) = MijW'W^ + 2PijkU'^W^ + R^jmU'^U^^ (2.23) 
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is non-negative at all positive times, where Rijke = 9e.mR^k^ 
-ViVjE + 2RipqjW^ — RipRj + — 



Mij = ARij --ViVjR + 2RipgjRP'i - R^pR^ + -Rij , (2.24) 



and 

Pijk ^ '^iRjk — ^ jRik- (2.25) 

We shall now relate Hamilton's proof to our construction. In §2 of 



[ 11 1 , tensors of type (r, s) on a Riemannian manifold (7W , g) are regarded 
as GL (n,R)-invariant maps from the linear frame bundle GL (A^) to 
M"''^'. For instance, ii P e M and Y = {Yi\p, . . . ,Yn\p) € GL{M) 
is given by 1^ = y^^d/dx^ in a chart {a;*} at P, a 1-form 9 may be 
identified with the system of component functions 6a = (Ya) it in- 
duces on GL (M.). Regarding the Levi-Civita connection of {Ai,g) as a 
GL (n, M)-invariant choice of horizontal subspace for each Ty GL{Ai), 
Hamilton takes space-like derivatives by means of the unique horizontal 
lift Da of y^ at y G GL (M). Hamilton then identifies the vertical vec- 
tor field \/a with the differential of the map Ya i-^ yl {y~^) ■ Ya] namelyjj 

Note that V^ acts on a covariant tensor by 

VfoTcd...^ = 5^Tbd...z + SdTcb...z H \- Sz'Pcd...b- (2.26) 

For a solution {A4,g{t)) to the Ricci flow on an interval X, one con- 
siders the bundle GL {M) xI^M = MxI and the sub-bundle of 
orthonormal frames O [Mj = Ut^j {O {M, g {t)) ,t) -^ M. Hamilton 

takes time-like derivatives by means of a vector field Dt on GL {M) x X 
defined by 

A = ^ + i^afe5'^V^ (2.27) 

Dt is tangent to O f A^ j , because 

Dtgab = 0. (2.28) 

The geometric structure of space-time reveals why this construction is 
natural. Indeed, definition ( |2.27 ) corresponds to (C2) in the definition of 



^Hamilton writes V!l for what we denote vj! 
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the space-time connection V for the Ricci flow without rescahng (^ = 0) , 
because 

when acting on covariant tensors. Property ( |2.28D corresponds to the 
compatibihty of V with the space-time metric g (Lemma ^). 

Now suppose {M.,g (t)) is a homothetically expanding sohton flow- 
ing along a gradient vector field V. (See Definition ^, and recall that 
{A4,g (t)) is then a steady Ricci soliton flowing along V = e^V.) In §3 
of ||ll| , such a solution is described by the equation 

DaVb = DhVa = Rab + ^Safe- (2-29) 

Here and in what follows, we use the symbol = to denote an identity that 
holds for an expanding gradient soliton. By applying formula (pWl|) to 



V, we note that condition ( 2.29 ) holds if and only if for all i,j > 1, one 
has 

ViV^ = 0. 

Hamilton next defines the quadratic Z in terms of the tensors M, 
P, and Rm. (Recall (p.23D-(^.25) and note that our sign convention for 



the Riemann curvature tensor is opposite Hamilton's.) In analogy with 



Theorem 2.2 of H, we apply Proposition 10 with fj, = 1/2 to observe 



that these also correspond to natural space-time objects: 

Lemma 22 Let {A4,g (t)) be a solution of the Ricci flow. Set i = Ini 
and g {i) = jg (t) . Then for i,j,k,i > 1, one has 

Rijki = e Rijki (2.30) 

Pikj = Rojke = Rkeoj (2-31) 

M,e = e-'Rmi- (2.32) 

Thus we arrive at the key observation that the LYH quadratic may he 
identified with the space-time curvature tensor: 

n 

Z = e' Y. R^MT''T'\ 

i,j,k/=0 

where the space-time contravariant 2-tensor T is defined in terms of 
the natural isomorphism A'^T*M = A^T*M A^T*M by T = [/ 
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ie~^W/2j. In components i,j > 1, 



J^lJ — JJIJ 


(2.33) 


fOj ^ _fjO ^ \^-t^r3 = ]_w^. 
2 2t 


(2.34) 



(See also Corollary 2.3 of Q; a key difference from that paper is that 
taking fJ- = 2 accounts for the term 2i-^i£ i^i M^.) 

Differentiating the expanding gradient soliton equation ( |2.29| ) , Hamil- 
ton obtains the following two relations: 

Pabc + RibcVd = (2.35) 

Mab + PcabV = 0. (2.36) 

Together, these equations prove the Li-Yau-Hamilton inequality is sharp. 
Indeed, \iW is arbitrary and one sets Uab = \ {VoWb — VfeWa), a straight- 
forward computation gives Z ([/, W) = 0. This fact can be interpreted 
using the result of Corollary ^ that 



i?f,,y'=^0 (2.37) 



holds for all i, j, £ > 0: 



Lemma 23 The identities ( 2.35 ) and ( 2.3t ) are equivalent to the fact 
that the space-time Riemannian curvature tensor Rm vanishes in the 
direction of the parallel space-time vector field e*''^V when fi = 1/2. 

Proof. If i,j,£ > 1, Lemma ^ implies that 

RijkiV = —e {Piji + RijikV 

and 



^Ojkey — —e yivij^-tr-klj 



Since J??^-^ = for all i,j, k, it is clear that (p. 37 ) holds if and only if 
both ( ^ ) and (|236D do. q.e.d. 



The evolution equations satisfied by the coefficients of Hamilton's 
quadratic are derived in Lemmas 4.2, 4.3, and 4.4 of [|ll|. Written in 
Hamilton's notation, they are 

(A — ^)Rabcd = '^{Babcd - Babdc + Bacbd — Badbc), (2.38) 
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{Dt - ^)Pabc — —'^RdeDdRabce (2.39) 

~r ^ yi^adhe^dec ~r txadce^dbe ~r i^bdce^ade) ; 



and 



(A - A)M„b = 2R,d {DcPdab + DcPdba) + 2RacbdM,d 
+ '^PacdPbcd — ^PacdPbdc + '^RcdRceRadbe 



2t2 



(2.40) 

Rab, 



where Babcd = RaebfRcedf- I^ §2.5, we prove the following: 



Proposition 24 The evolution equations ( 2.38 ), ( 2.3!^ ), and ( 2.4C ) are 
equivalent to the evolution equation 

'^oRijM = ^Rijki + 2 ( Bijke — Bjike — Bjku + Bikji ) + Rijki (2.41) 



satisfied by Rm when /x = 1/2. 

In computing the evolution of the quadratic Z, Hamilton makes the 
following assumptions on the 2-form U and the 1-form VF at a given 
point: 



(A -^)Wa = ^Wa 

(Dt - A) Uab = 
DaWb = 
1 



DaUbc 



2 (RabWc - RacWb) + - {gabWc " QacWb) 



(Al) 

(A2) 
(A3) 

(A4) 



(See the hypotheses in Theorem 4.1 of [11|, and note that equation 
([A 4)) is motivated by the fact that it holds on a soliton if (A3) holds 



and U = V A W.) We shall now demonstrate that the four assumptions 
above are also very natural from the space-time perspective. Indeed, 
equations (|AlD -([A^) hold at a point in space-time if and only if e^T^^ 
satisfies the heat equation and is parallel in space-like directions at that 
point: 



Lemma 25 If ^i = 1/2, assumptions (AJ)-(A^) are equivalent to 

(Vo - A + l) T^ = (2.42) 

VfcT*^' = 0, (2.43) 

for all i,j > and k >1. 
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Proof^ For i,j,k > 1, we use (jClD, (|C|), ( p3|) , (|234D , and the 
fact that Rl. = tR\. to compute 



-iO 



= v.c/« - (*4 + i*i) iiy^ + (tie, + i^i) Iw/' 



Hence ( |2.43| ) is vahd for ah i,j, A; > 1 if and only if (A4) holds. For 
i = but j, /c > 1, we have 



So (|2.43| ) is valid for ij = and all /c > 1 if and only if (^) holds. 
Similarly, since V qf^^ = ^t^qW^ and Kf^i = gPiVpWqf^^ = ^AW^ , 
we compute that 



Vo - A + l) f^^ = |- (^^W^^ + f "oTO^^ + f ^op^°" 

- -AVF^' + —W^ 
2 2t 

2\dt P t 



It follows easily that ( |2.42 ) is valid for ij = if and only if ( [Al] ) holds. 
Finally, we use (|C3 ) to calculate 



Vo + 1 r^ 



t ( |-C/^^' - RpP^ - RlU'P 



4 4 



Then noting that for i,j > 1, 

1 
2 



Vqf^ = VqU'^ + I {R^W' - RiW^) + j- {S^W' - 6iW^) , 



4t 



we compute 



tg- 



pq 



VpVg?7*^ + iVp [RiW - RqW^ 



it^p 



+^v„ isiW - 5iwA + ri^Vafo^ + finVof ^0 



1 



- pO ^ 9-' 



AC/*J + i?^VPPF* - Rl^PW^ + - (M/*V^i? - W^V'R) 



+ T^ (v^w^^ - V'W^) 
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and collect terms to obtain 

d 



Vn - A + 1 T*^ = i 



dt p p 



lgAv,W^-(tR^P+K 



+ { tR'P + -g'P ] VpW^ - tR^P + -g^f VpW' 



So if (^) holds, then ( pl^ ) is vahd for i,j >1 if and only if Q holds. 
q.e.d. 

2.4 A generalized tensor maximum principle 

In order to utilize space-time methods fully in investigating potential 
Li-Yau-Hamilton quadratics for the Ricci flow, one needs a version of 
the parabolic maximum principle for equations such as ( |2.22| ) and ( |3.9D 
Accordingly, we now derive a generalization of the tensor maximum 
principle originally proved in |p. We begin with the observation that 
any smooth family {g (t) : <t < Q} of Riemannian metrics on A^" 
induces a nondegenerate metric ^ on A^ x [0, O) given in coordinates 
{d/dt = x°, x\...,x") by 

- ^ / 9ij if 1 < «,j < ■"- 
^'^ \ 5ij if i = or J = 0. 

We denote the Levi-Civita connection of g by V. 

Proposition 26 Let g (t) be a smooth 1-parameter family of com,plete 
metrics on M"", indexed by t e [0, $7). Let M = M x [0,Q) and let g be 
the degenerate metric defined on T*A4 by 

~ij ^ f g'^ ifif'^<i,j<n 
^ ■ \ if i = or j = 0. 

Let V be a compatible connection iVig^^ = 0), and let Q denote the 
space of symmetric bilinear forms on a tensor bundle X over M. Sup- 
pose Q (z Q is a solution of the reaction- diffusion equation 

VoQ = AQ + <^{Q), (2.44) 

where ^ : Q ^ Q is a (possibly nonlinear) locally Lipschitz map which 
satisfies the null eigenvector condition that <1> (P) {X, X) > at any 
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point where P {X, •) vanishes for P (z Q and X ^ X . Assume 



V- V 



V V- V 



, and the Lipschitz constant for ^ are bounded on any 
9 

subset tVI X [0,r/] C A^. If J^ is not compact, assume also that there 
exists p : M. ^ [IjOo) with p~^{[l.,s\) compact for every s G [l,C)o) 
and such that |V/9| and |Ap| are bounded on M. x \}^,rf\. If Q > on 

M X {0}. then Q>0 on M. 

Proof. The metric g induces an inner product on X in the usual 
way; we shah abuse notation by writing g (X, Y) for X,Y £ X. If Al is 
compact, take p = 1, and otherwise let p : Ai ^ [1, co) be the function 
in the statement of the theorem. (By Q and Lemma 5.1 of [|ll|, such 
a function always exists if the time derivatives dg/dt of g and dV/dt 
of the Levi-Civita connection of g are bounded, and if A^ has positive 
sectional curvature.) 

By considering translates in time, it will suffice to prove there is 
rj > such that for every e > 0, the quadratic form Q is strictly positive 
on A4 X [0,?]], where 

Q {x, t) = Q (x, i) + e (r? + i) p (x) g (x, t) . 

Suppose Q does not remain strictly positive, and let to ^ [0, ??] denote 
the infimum of all t such that Q (Y, Y) =0 for some Y £ X and 

X € A4 with \Y\~ = 1 at (x,t). We claim to > 0. If not, there will be a 
sequence of compact sets Kj exhausting M., points Xj G /Cj\/Cj_i, and 
times tj \ to = such that the first zero of Q on Kj x [0, rf\ occurs at 
{xj,tj). Since Q > on A^ x {0} and p (xj) ^ oo if A4 is not compact, 
this is impossible. 

By the null eigenvector assumption. 



'^{Q)iY,Y) 



>0. 

{x,to) 



Define a tensor field X in a space-time neighborhood O of (x,to) by 
taking X = Y at (x, to) and extending X by parallel transport along 
radial geodesies with respect to the connection V. (It suffices to ex- 
tend X first radially along all V-geodesics which start tangent to the 
hypersurface M x {to}, and then along any curve with tangent d/dt at 
(x, to).) Notice that all symmetric space- like second covariant deriva- 
tives of X vanish at (x,to). (Compare §4 of [^.) Indeed, with respect 
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to a ^-orthonormal frame {cq = d/dt, ei, . . . , e„}, one observes that for 
i = l,... ,n, 



Ve,Ve,X 



(x,to) 



Ve,(Ve.X)-V^^.,X = 0-0. 



Hence for any P € Q, we compute at (x, to) that 



(V,V,-P)(X, X) + 4(V,P)(X, V,-X) 
+2P(ViX, VjX) + 2P(X, ViV^-X) 

(AP)(X,X). 



Now consider the function F defined in O by 

F{y,t) = Q{X,X) 

Even though g may not be compatible with the connection V, we stiU 

have \X\^ > 1/2 in a possibly smaller neighborhood O' C O. Hence F 

attains its minimum in O' D A4 x [0, to] £it (x,to), where we therefore 

have 

d 



and 



0>-F=[VoQ]{X,X) 



= ^F=(V,Q]{X,X) 



for i = 1, 



, n, and 



< g'^ 



d^F 

dx'^dx^ 



,fc gP 



AP. 



To finish the proof, observe that there are constants Ci and C2 



depending only on the bounds for 
[0, Tj] such that 



V- V 



and 



V V- V 



on M 



2(Vog){X,X) 



{x,to) 



> -Ci \x\ 



-Ci 



and 



2(Ag)iX,X) 



(x,to) 



< C2 \X\c. — C2. 



There is C3 depending only on the Lipschitz constant of <1> on A1 x [0, r]] 
such that 



'^iQ){X,X)\^,^^,^^<^Q)iX,X)-<^iQ){X,X)<C3er]\X\l = er]C3, 
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and there is C4 depending only on the bounds for \Ap\, |V/9| , and 



V- V 



such that 



pt^Ag){X,X) 
AF ) (x, to) = (AQ]{X,X)+e{r] + to) +2 (v^^^) {X, X) 

+ {Ap)g{X,X) 
< {AQ]{X,X)+e7]{pC2 + Ci). 



Combining these estimates with equation (2.44), we conclude that at 

°4- 



VoQ j {X, X)+e{r] + to) P [^09) (X, X) + epg (X, X) 
Aq) (X, X) + CD (Q) {X, X) + e (r/ + to) p (Voo) {X, X) + ep 

>AF-eri {pC2 + C4) - er/Cs - er?pCi + ep 
> e [p (1 - r? (Ci + C2)) - ?? (Cg + C4)] . 

Because /) > 1 and the constants Ci cannot increase if r/ decreases, 
choosing 7/ > sufficiently small gives a contradiction. So Q remains 
strictly positive on A^ x [0,r/], and the result follows by letting e \ 0. 
q.e.d. 



2.5 Evolution equations relating to Hamilton's 
quadratic 

This section is devoted to the following: 

Proof of Proposition p3. Assume p = 1/2, and denote the RHS 
of ( |2.19| ) by Fijke- Lemma [2^ implies that the following identities are 
valid for all i,j, k,i > 1: 



Bijko 
Biooi 
Bioeo 
Biioo 



-g^'^RpijRkqrO — tg^'^R'lijPqkr 
-r'RURoqri = -t^/'^^-P.p.i: 

-g^'' RpilRoqrO = -t g^'^Rpi^Mqr 



(2.45) 
(2.46) 
(2.47) 
(2.48) 
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Thus for i,i > 1, we have 

= ^RiOOe + 2i g^'^g^^ [RipreMqs — Ptpr {2P£sq + Pc 

On the other hand, we use 
rectly that 



Vs)] + tMa. 



j)-(C4) with Lemma 22 to compute di- 



~~ d ~ ~ ~ ~ ~ -/. 

Vo-Rioof = -^Riooe — ^oiRpooe — ^oiRioop — Tgo ( -Rjpo^ + Riopi 

= t^ (iM,,) + {tRP + ^i6f) (tMp,) + (ti?^ + /i^P 
+ (^t^V^R) {Ppii - Pfyi) + 2;u (tM,^) 



(tM, 



ipj 



In the 



+ 3tMie. 
1 same way, we compute for q,m < 1 that 

Vg^iOO£ = t {VqMit + R'^Pmil + R'^Pmii) + /« (Pgi^ + Pgu) 

and 

Then by using the divergence identity 



'^'^Pqii — Mil - R^'^Ripqi - —Ri£, 



we can write 

^Riooi = f^^pVqRim 

= t^V {VqMa + R'^Pn.ii + R'^Pmii) + tflV^ {Pqii + Pqu) 
+ tg'^'^ [tR^ + /^<^™) y^qPrnie + R^qRimrt + —Rimqij 
+ tgP^ {tR^ + /i<5™) {VqP^U + i?^i?..m£ + ^R^qrat) 

= t^AMil + - (Vm) {PqU + Pqii) + 2t^RP'iVp iPq^i + Pqii) 

+ 2t^RP,R'^mipqe + 2tMu - ^Ru- 
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Cancelling terms yields 



d 



VoRiooi = ARiooi + t^i — -AJMa- 2t^RP'^S/p {Pg^ + Pgii) 
+ t^ {R^.Mpe + R^Mip - 2RP^R""iR,pgi) + tMu + ii^,^ 



Recalling ( p.26|) and ( 2.27 ), we conclude that the special case VoRiooi 
Fiooe of equation ( 2.1£ ) holds if and only if 



DtMa = -^^Mu + Rl VP Mu = ^M,, + R^^Mp, + R^M, 



I ^"jp 



= AMu + 2i?P^Vp (P,,, + P,fi) + 2Rl,R^mipg, 

+ 2gP'^g'^'^ [RipriMqs — Pipr {2Pesq + Pqis)] " ITj^^U^ 

hence if and only if equation ( |2.40| ) holds. 

Now if i,j,k>l, identities (|2.45D -( |2^48|) let us write 



r ijkO — ^^ijkO + •^^9 \^pij^qkr ^pji^qkr -'^pjk^gir + ^pik^qjr) 



Pi 



ijk 



— ARijkQ + 2tgP'^ yRp^jPq^k — Rpjk^gir + ^pik^ljr) + Pijk- 

On the other hand, (P2|)-(|C^) and Lemma |2^ imply that 

V 0-Kjjfco ^ 'Kf'^ijkO i Oi PJkO ^ Qj^ipkO ^ Ok ''■JP^ 00 ijkp 

^ '^ I 'pTL^ijk + ^i ^pjk ~T~ ^j^ipk i ^fc *iP """ T^^ijkp^ -K I 



2P 



ijk 



and 



V„P, 



1 



q^ijkO 



^ q^ijk -L f,n-rCijkp — ^ q^ijk + ^n^iikp ' i^ , R 



qO^ijkp — ^ q-^ij 



q^ijkp 



2t 



Hjkq- 



Noticing that V^Rijkq = Pijk by the second Bianchi identity, we write 
the diffusion term in the form 

ARijkO = tg^'^'^p^qRijkO 



tV I v qi'^ijk + J^qJ^ijkp i n.^ijkq 



+ /''(tp™ + -5;r)(v,p.,fcm) 



t [ APijk + -RijkpVPR + 2R^VRijkp ) + Pijk 
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and cancel terms to obtain 
Vo-RjjfcO = ^RijkO + t 



^ - A ) P,,fc + Rl V^ P,,fc - 2RIV,R\., 



Thus the special case Vo-Rjifco = /"ijfco of equation ( p.l9| ) holds if and 
only if 

DtPijk = ^Pijk + '^Rp^q^ijk + ^5 [RpijPqrk — Rpjk^qir + Rpik^qjr) , 



hence if and only if ( 2.39 ) holds. 

Finally, the equivalence of ( p. 38 ) and the case i,j, k,i > 1 oi (2.19) 
is clear when we observe that 



Fijke — ^Rijki + 2 {Bijki — Bjik£ — Bjki£ + Bikji) + -Rijki 



and 



d (\ 



"^oRijke = t— ( -Rijkf. j + -Rp V^ Rijke + -Rijki — DtRijM + -Rijki- 



q.e.d. 



Chapter 3 

Generalized space-time 
connections 



In this section, we derive new matrix LYH inequalities for the Ricci flow 
by generahzing the definition of the space-time connection in § ^ 

So let {J^"',g (t)) be a solution of the Ricci flow rescaled by a cos- 
mological constant /i: 

Consider the family of symmetric connections V deflned on space-time 
{M,~g) hy 







(GCl) 


J- JO 


= - (iif + fi6^ + Af 


(GC2) 


J- 00 


= - r^v'^i? + s'^') 


(GC3) 


fO 

J^oo 


= -(/^ + c7) 


(GC4) 




= f°o = 0, 


(GC5) 



for i,j,k > 1, where A is a tensor of type (1, 1) , i? is a vector field, and C 
is a scalar function. We saw in ^ that the space-time connection V has 
a number of useful and interesting properties when A = B = C = 0. 
Our goal here is to investigate what conditions on A, B, and C are 
necessary and sufficient for V to retain certain desirable characteristics. 
In particular, we determine which connections of this form are both 
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compatible with the space-time metric and satisfy the Ricci flow for 
degenerate metrics. Such space-time connections are worth studying, 
because their curvatures satisfy parabolic evolution equations and thus 
furnish Li-Yau~Hamilton quadratics for the Ricci flow. 
Define a (2, 0)-tensor A by 

^ij ^ ^i 9pj ■ 

Our first observation is that V is both torsion-free and compatible with 
g exactly when ^ is a 2-form: 

Lemma 27 The metric g is parallel with respect to the symmetric con- 
nection V, 

^i~9''' = 0, 



if and only if ( GCl )-( GC5 ) hold, where A is a 2-form, 

AlgP' + A^pg^P = 0, (3.1) 

and there are no restrictions on either B or C. 
Proof. For i, j, fc > 1, the equation 



is equivalent to 



= V,~g^^ = di~g^^ + f ^pF' + ^-g'" 



■pfe -p/c 

ij ~ ij ' 



since V is the unique torsion-free connection compatible with g; this is 
( GCl ). Assuming ( GC2| ), the equation 



is valid for j,k > 1 if and only if 

This says that when we lower an index, Aij = A^gpj is a 2-form. The 
equation 

is valid for i > and A; > 1 if and only if 

fo =0 

ip " 



holds for all i > and p > 1; this is (GC5). The identity Vj^*^" is 



satisfied automatically for all i > 0. q.e.d. 

Hence by lowering indices, we may regard ^ as a 2-form, Bi = B^gpi 
as a 1-form, and C as a 0-form. 
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3.1 The Riemann curvature tensor 

The space-time Riemann curvature tensor is defined by ( |2.13| ); in com- 
ponents, one has 

-'^ijk ~ '-'t^ jk ^j^ ik I '^ jk^ im ^ ik^ jm- 1"^-^/ 

By definition, we have the asymmetry i?^-^ = —R^-^j^. The remaining 
formulas are as follows: 

Proposition 28 Ifi,j,k,i > 1 and a,b,c> 0, then Rm satisfies: 

^ijk = ^ijk (GRl) 

Rf.^ = VjRl - ViR] + VjA\ - V,^j (GR2a) 

E^^.fc = V^ijjfc - Vfcijj + VjAi (GR2b) 

^oio = -^-^j + (/^ - C) R] + \p,V'R + R^Rl (GR3) 

d 

— -Kf^j + ^j ^m + (^ ~ C*) Aj + R^A^ + j4j i?^ 

+ VjB^ - nCSJ. 
Rabc = 0. (GR4) 

Proof. Identities (|GRj) and ( |GR^ ) follow easily from (g]!). To 
derive ( GR2a| ), we use ( pC2| ) to compute 






To derive ( GR2b| ), we recall that 

g^^jk = -^j^k - ^kRj + V Rjk 

and calculate 



p£ _ o p£ f) r^ F™ F*^ _L F*^ r"^ 

-"■Ojfc — '^Qi jA; I <^ji OA: ^ jfc^ Om "T ^ jm-"- Ofc 



V'Rjk - VkR'j + VjAl 



Q^^jk + ^i (-^fc + ^k 
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Finally, to derive ( pR3 ), we use ( |GC3D and ( GC4| ) to compute 



^OjO — '-'0-'- jO ~ y^j'- 00 "T J^ jm'- 00 J "T '- jO'- Om 



-{^l + C) ^R'j + fi6'j + A]^ 

+ [iq + /.5f + A^) (rI + m4 + K 



_d -e , „, -t 1 

d 



--^ + {fs-C) ^ + -VjV'R + RfRl 



-KfAj + Aj Aj^ + [fi — C) Aj + Rj A^ + Aj R^ 



+ VjB^ - fxC5l 
q.e.d. 
Corollary 29 Ifi,j > 1, then Re satisfies: 



ij — ^i 



where 
and 



Rok = lVkR-{6A)^ 

Roo = l^R + C{R + nfi) + \A\l + 5B, 



m, = -V^A,, = %Al 



SB = -V^Bp = -VpBP. 



Proof. The first two equations are easy. For the third, we substitute 
the formula 

^^_R=^AR + Rp,Rf"^ + f,R 

into the calculation 



-Roo — "-^OjO 



^R + {C-fi)R- ^AR - RfRZ - AfAl^ - VjB^ + nfiC 



and cancel terms, q.e.d. 



3.2. RICCI FLOW FOR DEGENERATE METRICS 35 

3.2 Solutions of the Ricci flow for degenerate 
metrics 

The goal of this section is to determine necessary and sufficient condi- 
tions on A, B, and C for (5,V) to satisfy the rescaled Ricci flow for 

degenerate metrics. (Recall Definition |l^.) Our results here are most 
easily stated if we introduce the 1-form 

E = B + 25 A. 

We shall see that a particularly nice set of equations is obtained when A 
and E are closed initially. In this case, there is always a solution (5, V 
satisfying Definition |l^ for as long as g it) exists. 



Proposition 30 Suppose C = /x. Then (5, Vj satisfy the Ricci flow 
with cosmological term //, namely 

^ff^. = -V,R^ - V,i?f + V'^R.j, (3.3) 

if and only if the 2-form, A = Aij dx^ ® dx^ satisfies 

^A = -d6A - 2nA (3.4) 

and the 1-form, E = Eidx^ satisfies 

d - -- - , -,2 

-=E = -d6E-2fiE-d\A\:. (3.5) 

If dA = initially, then dA = for as long as a solution exists; and if 
dE = initially, then dE = for as long as a solution exists. So if A 
and E are closed initially, ( \3.!l\ ) is valid if and only if A and E evolve 
by 

^A = AdA - 2fiA (3.6) 

and 

—E = AdE-2fiE-d\Af. (3.7) 

respectively, where —Ad = dd + 6d is the Hodge-de Rham Laplacian. 
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Remark 31 When A and E are closed initially, ( |g. q j and i\3.1[ ) are 
both parabolic equations whose solutions exist as long as the solution of 
the Ricci flow with cosmological constant fi exists. 



Remark 32 The choice C = fi is useful to obtain good evolution equa- 
tion if either A or B is nonzero. But if A and B are both identically 
zero, taking C = as m ^ generally yields better results. 



Remark 33 If (A,E^ is a pair of initially-closed forms satisfying equa- 
tions (3^) and ( \3. Ij ), then the pair [XA, }?E^ is also, for any A € M. 



Proof of Proposition ^. Let r*j denote the RHS of (U). If 
i,j,k > 1, then formula (|3.3|) reduces to the standard evolution equation 
for f^-. It is easily checked that both sides of ( |3.3D vanish if fc = 0, 
provided that /i and C are constant. If j = but i,k > 1, then 






-ViR^ - Voi^f + V'^Rio 



-V,, 



-V''R-{5Ay 



[R^ + f^Sf + A^) R'^ 



|_Rf - (iif + /x5f + A^) R'; + {r'; + ^,5l + 4) R^ 



+ v' 



-V.ii-(M), 



+ -g>^'{RP + ^,5^^+A^,)R,p 



^-R^ - 2Afi?^ - ViV^A^p - V'^VpAP. 



Since ffg = - {R^ + fi5^ + A'y) , it follows that Q holds for j = and 
z, A; > 1 if and only if 

d 



di 



A'y = ViVPA'; + V^VpAf + 2APr'^, 



hence if and only if 



d 



d 



di^''~ di^^'^"' 



(dU) -2nAij. 



If i = j = but A; > 1, we recall that 

d 



^' ' 1-^ 



dt 



V'^R) -2(r\V^R + ^iV''R 
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and compute 



^00 -^ —^oRq ~ ^oRq + ^ -^00 



a_ /I 

dt[2 
1 d 



^[lv''R-[U)')-tl,R'^ + %Rl 



tM^P 



2dt\ J ^ P 

+ 2^ (s'^Vp^?) + V'= \A\l + 2{fi-C) (VM^) - AR'^PV.A^. 



Since f 



00 



ifyfc 



V^R -B\it follows that (O) holds for i = j = and 



/c > 1 if and only if 



9_ 
9t 



-gjk{B' + 2f'VpA^, 



VjVpBP - 2fiBj -Vj\A\: + 2{n + C) V^Apj. 



When C = fi, this equation is the same as 
d 



dt 



{B + 26A) = -d6B -2fi{B + 26A) - d\A\. 

= S {B + 26A) - 2/x (5 + 26A) -d\A\'t, 



because (5^ = 0. 

To complete the proof, it suffices to note that 



|(''-^) = 4I-^ 



and 



d_ 
dt 



-2/i [dA] 
(dE) = d (|_^) = -2^ {dE) , 



because the exterior derivative is independent of the metric and satisfies 
d2 = 0. q.e.d. 

In analogy with Remark O, we make the following observation: 



Remark 34 If A evolves according to equation (3.4), one has the sym- 
metry 
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Proof. Because 



ViR,o = V, Qv,i? + VMp,) - ffoij. 



LJP 

1 

2 



ViVjR + ViVPApj + ijfijpj + fiRij + ifijpj, 



we observe that when ( |3.4| ) holds, we have 
d - ~ - 

V^V^Apj - Vj\ 



- d - - - 

VjV Apj VjV j4pj + A^Rpj — AjRpi 



q.e.d. 

3.3 New Li— Yau— Hamilton quadratics 

We now wish to regard Rm as the bihnear form defined on A'^TAd by 
( 2.17] ) and ( p.f8| ). To be useful as a LYH quadratic, it is desirable that 



a bilinear form be symmetric and positive. Fortunately, symmetry of 
Rm is compatible with the other properties we wish V to possess. In 
particular, we have the following: 

Lemma 35 The bilinear form Rm has the symmetry 

Rijoe = Roiij 

for all i,j,i > 1 if and only if A is a closed 2-form,. Moreover, Rm has 
the symmetry 

Rojoe = Roeoj 



for all j,i > 1 if A evolves by (3^), C = fj,, and E is a closed 1-form,. 



Proof. By (|GR2|) and ( pR2bO , we have 



RijOe — RoUj — dipR-ijO ~ djpR-oii ~ ^ j-^it ~ ^i-^jl. + V^Ajj — (dA) ^^^ . 

Next we observe that 
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and 



r\ i^ i^ 



Hence by ( |GR3| ), 



Rojoe - Roeoj — depRojo — 9jpRoio 

+ 2 (^ - C) A^e + 24i?fc^ - 2A^^iJfc,- + {VjE^ - V^Bj) 



2^-Aej + 2{i^ + C) A,j - [dB)^. . 



If 4tA = —dSA — 2fj,A, this becomes 



RojOi - RoiOj = 2{C -n) Aij -d{B + 26 A) 



ij 



q.e.d. 

It is also fortunate that the maximum principle applies to the curva- 
ture Rm of a generalized connection. To see this, it will be convenient 
to introduce a (1, l)-tensor A defined for i, j > 1 by 



i^o = {B + ~5Ay 



Proposition 36 Let A and E he closed initially and evolve by ( \3.(\ ) and 
( [g. ?P , respectively. Let C = ^ be constant. Then Rm is a symmetric 
bilinear form which evolves by 



VoRm = ARm + Rm + Rm + 2^Rm + AM Rm. (3.9) 
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Proof. Because V is symmetric, one computes directly from the 
definition that 



'm. = a (In 



Q^-Hjk ^M^i^ifc 



a. 



dt ' 



I I -prra \ -p^ I -pm / ^ i^t 



9t ^V ^ i'" ^ -"iM at^ i"^ ; \ dt *V ^'"^ 



5 ~ 



TTl r • 



ifc 



at 



■ ]rn 






9t ^^ 



(J ^£ \ . ^m I (J ^f \ ^rr, I O :^t 



dt 



Vi T^r 



dj jn^ik + r^ jn^mk ]+'^Tk{ jrS 



dt ^^ 



dt 
d 



n^ I ttYr 



dt''""! ^I'^Kdt^'^ 



^'- 1 m^ 



ik 



Hence by Proposition 30 and the Ricci identities, 



^-Rli. = V, f Vfci^f - V^Rik] - y^ ( Vfei?^ - V^-fc 



On the other hand, the second Bianchi identity imphes that 



' "'jiva^'k -^jik-^m' 



= ViV^Rjk - ViVkR] - VjV^R^k 

+ '^ j'^kRi — Ri Rjmk ~ Rj Rmik 

r>m n£ i r>ni r>i r)£ fyni 

^'pij^'mqk "■" ^'pik^'jqm ■'^pim.-'^jqk 



+ 9' 



PQ 



-I- N"'' R^ A- fi"™ R^ R^ /?"^ 

pji qmk ' ^'pjk qim ^'pjva^'qik 



while straightforward calculations reveal that 



hjki 



T}^ ?,Pq?,rsTy 7? _ zPQ I O'Ti 7? _l R™- J? 

-fl,.vi,(i — g g Jnijprn,sqke — ~9 \^pij^mqke. ~r ^pji^qmke. 



and 



Rtkt = RabcdRpqrs [5'^ S^t" " ^f 5)^") [Wkf'' " ^l^U 

y [-'^qimi^^pjk ' ^^pik^^jqfni ' ^^jprni^^qik ' ^^jqk^^ipm£ 
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Because equation ( |3.9D is readily verified for k = £ = 0, we may assume 
without loss of generality that i > 1. Then we can combine the identities 
above to obtain 

9 ~ _ d -^ - ~m 

= ^Rijke + Rijke + ^ijM ~ '^f^^ijke — Rp Vg Rijke, 

because gimAK^j^ = ARijke and RJ'Rijkm = R^mR'^k- ^o'^ i^ ^^ regard 
To as a (globally-defined) space-time (1, l)-tensor (To ) = Tq^, we may 
write 



^oRijkl = -KfRijki — ( f V Rm j , 



yielding 

VoRjn = ARiii + Riii^ + Rin* - 2fimn - (Tq -F Rc) V Rm, (3.10) 

where Re here denotes the (1, l)-tensor Rp = Rpm.g^'^ ■ We claim equa- 
tion ( p. 101) is equivalent to equation ( |3.9| ). Indeed, it follows from 
(pC2D -( pC| ) and Corollary |2| that for p,q>l one has 



fo + Rcy = -ii5l-Al 
fo+RcX = -B^- {5Ay 

To + Rc =0 

J p 

To-hRc = -2/i. 
/o 

So one need only check that if N denotes the number of space-like 

components of Rijki, the RHS of ( |3.10| ) contains —2 + A^ + 2 (4 — N) = 

Q — N terms of the form ^Rijki, while the RHS of ( |3.9D contains 2 + 

(4 — N) = 6 — N such terms, q.e.d. 

Armed with the tools to show that Rm remains non-negative, we 
are now ready to construct Li-Yau-Hamilton quadratics. 

Condition 37 Assume in the remainder of this paper that g (t) is a so- 
lution of the Ricci flow on M for t € [0, 17), and that g (t) = e~^g ( e* I 

is the associated solution of ^2.^ , the Ricci flow with cosmological con- 
stant fi = 1/2, for i € (— oOjlnfi). Assume further that the generalized 
connection on {M-,g) defined by ^GCl )-( GC3i) has C = fi = 1/2. 
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Given any 2-forni U and 1-forni W on A4, we define X = U (B 2^! 
so that for i,j,> 1, 

Xij = jjij 

xOj ^ _xj0 = Ivi/i. 
2 

If ttiere exist A and B such that Rni is symmetric, we define the forms 



Aik 
Bk 

Ek 



A^gjk = tAik 
B-' Qjk = tBk 
(b^ + 2 {Uy) Qjk = Bk + 2t {6A)f^ , 



and make the following observations: 

Remark 38 Let A^ and A^ denote the Hodge-de Rham Laplacians of 
(^, V) and {g,V), respectively. Then A is closed and evolves by 

d - - - 

-.A = AdA - 2^A 
ot 

if and only if A is closed and evolves by 

—A = AdA -\ -A. 

dt '^ t 

Moreover, E = B + 25 A is closed and evolves by 

d - - - - , -,2 

-^E = AdE - 2nE - d\A\z 

if and only if E = B + 2t5A is closed and evolves by 

If jjL = 1/2 and A is closed (exact) initially, then A remains closed 
(exact). Likewise, if fi = 1/2 and E is closed (exact) initially, then E 
remains closed (exact). 

Proof. The evolution equations are straightforward calculations. 



Together with Proposition 30, they imply that A and E remain closed 
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if they are initially. To prove the assertions about exactness, suppose 
that A (0) = dao and E (0) = dsQ. Let a (t) and e (t) be solutions of 

d . 

—a = Ada, a (0) = oq 

and 

—e = Ade-\A\'g, e (0) = eo 

respectively. Then 

d f d \ 

— (da) = d I —a J = —d {d6 + 6d) a = — {dd + 6d) (da) = A^ (da) , 

and similarly 

I ids) = d (|e) = d [AdS - \A\l) = A, (de) -d\A\l. 

By uniqueness of solutions to parabolic equations, we have A (t) = da (t) 
and E (t) = de (t) for as long as g (t) exists, q.e.d. 

Theorem 39 Let (A4^,g (t)) be a solution of the Ricci flow on a closed 
manifold and a time interval [0,0,). Let Aq be a 2-form which is closed 
at t = and let Eq he a 1-form which is closed at t = 0. Then there is 
a solution A (t) of 

^^A = AaA, A{0) = Ao 

and a solution E (t) of 

^^E = AdE-d\A\l, E{0) = Eo 

which exist for all t € [0, fl) . Suppose that 

< Rm {U, U) + j \Wf + \A (VF)|2 - 2 {VwA, U) - {VwE, W) 

at t = for any 2-form U and 1-form W on A4, and let Rm be the 
curvature of the generalized connection on {Ai,g) with B = E — 2t5A 
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and C = 1/2. Then for all t E [0, Vi), one has the estimate 

< e*Rm (x, x) 

= RijuU'W^^ + 2 [t {VeRjk - ^kRji) + VjAke] W^U^'' 



+ 



t ( ARj£ — ^VjVfR + 2Rjpq£RP'^ — RjRpi 



+t {2fiRje + A^Rpi + A^Rpj - 2Vj VM 
+H^gji - A^.Ape - VjEi 



wm^. 



Proof. By Remark 38, there are closed solutions A and E of (p 
and (3^), respectively, existing for — cx) < t < log 17. Set Q = e*Rni. 
Then by Proposition ^, 

d ^ dt d / f-r— \ 

= TT^Rm + Rm 

ot 

= AR^ + Riii% mil* + 2Riii + ('f + i) V Rm. (3.11) 

Since Q > at t = 0, it will suffice to apply the space-time maximum 
principle (Proposition ^6|) to Q for < t < Jl. Notice that for j, k > 1, 



fo + i . = 



.^0 + ^0 



-tR^ - U'; 



J 

\0 



-V''R + t{5Ay 



1 



and define a generalized symmetric connection V on A4 x [0, Vt) for 
i,j,k > 1 by 



■pfc 

^00 



■ 00 



-pfc 



fo 

^ iO 



f". = 
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where the T^: are determined by the Levi-Civita connection of g, and 
F^ = 1 (t - 1) V^i? - {5A)'' . 

Let g be the space-time metric on 7V4 x [0, (7) induced by g: namely, 
g^^ = g^^ and g"^^ = g^^ = for i,j > 1. By Lemma 27, ^ is parahel with 



respect to V. One verifies by straightforward calculation that 

ARin = gP'^VpVqmn = g^^'VpVqQ = AQ 
and 



R 



ijke — 9°' 9 ^RijabRcdke — 9°" 9 '^QijabQcdki -i- Qijkl^ 



and 



R 



ijkl 



-^abcd^pqrs^ij 



ab.pq^cd.rs 






ik 



'^abcd^pqrsC, 



ab,pq cd,rs _,_ ^# 



pqrs^ij ^ik 



= Q 



ijkV 



where c"''^ = 6f6jg''^ — 5'^6'jg'^'^ = e *C"- ''^ . Thus equation ( |3.11D can 
be written in the form 



whence the theorem follows by applying Proposition 2(: to Q for < 
t < Q. q.e.d. 

If Rm is symmetric, we define another symmetric bilinear form H 
on A'^TAd by stipulating that H obey the symmetries 



^abcd ^bacd 

for all a,b,c,d >0 and satisfy 



-H. 



abdc 



H. 



cdab 



Hijkl 

Hojke 



H, 



OjO£ 



Rijkl 



for all i, J, k,i > 1. Then we define and expand 

* {A, E, U, W) = e^H (x, x) 



RijkiU'^U"' + IW^VjAmU"' 
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Theorem 40 Let {A4'^,g (t)) be a solution of the Ricci flow on a closed 
manifold and a time interval [0,0). Let Aq be a 2-form which is closed 
at t = 0, and let Eq be a 1-form which is closed at t = 0. Then there is 
a solution A (t) of 



^A = AdA, AiO)=Ao 



dt 
and a solution E (t) of 

^^E = AdE-d\A\l, E{0) = Eo 

which exist for all t € [0, $7) . Suppose that 
0<^{A,E,U,W)\,^, 

= Rm {U, U)-2 {VwA, U) + \A {W)f - {VwE, W) 

for any 2-form U and 1-form W on M.. Then ^ (yl, E^ U, W) remains 
non-negative for all t € [0, fi). 

Proof. Suppose {M.,g{t)) exists for t € [0,r2), and define 
$ {A, E, U, W) = e*Rm (X,X' 



where Rm is the curvature of the generahzed connection on {M,g) with 
B = E- 2t6A and C = 1/2. By hypothesis, 

< ^ (A, E, U,W) <^ {A, E, U, W) 

at i = for all U and W. So $ {A, E, U,W)>0 for all t G [0, Q) and all 
U, W by Theorem H. Now since ^ (A^, A^^, [/, H^) = ^ {A, E, U, XW), 
it follows from Remark |3| that $ [XA, X'^E, U,W) >0 for all t G [0, Q), 
all U, W, and all A > 0. In particular, at each fixed t £ [0, 0,), we have 
< $ (A^, X'^E, U, X'^W) for all U, VF and A > 0, and hence 



< lim $ (A^, X^E, U, X'^W) = ^ {A, E, U, W) 

A— >oo 



q.e.d. 



Corollary 41 Let the hypotheses of Theorem ^i hold. Then for any 
1-form V , we have 

< V' (^, E, V) = Re {V, V)-2 {5A) {V) + \A\^ + 5E 

= Re (y, V)-2 {6A) {V) + \A\^ + 5B 

for as long as the solution {A4,g{t)) exists. 
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Proof. For an orthonormal frame {e^}, take Uij = -^ {Vi^j — VjWi) 
and trace over W G {ei, . . . , e„}. q.e.d. 
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Chapter 4 

Examples 



We shall now develop some examples, which may be regarded as further 



corollaries of Theorem 40. Our intent is to explore the utility of the new 
LYH quadratics by comparing their implications with known results in 
a few special cases. Although our principle examples come from Kahler 
geometry, we emphasize that the main results of this paper are more 
general, and in no way require a Kahler structure. 

4.1 Kahler examples 

By definition, a Riemannian manifold {A4"',g) is Kahler if there is 
an almost-complex structure J : TA4 — > TA4 such that g is Hermi- 
tian g{JX,JX) = g{X,X) and J is parallel V x {JY) = J{VxY). 
The latter condition immediately implies the symmetry R (X, Y) JZ = 
J {R {X, Y) Z) of the Riemannian curvature. 

There is a one-to-one correspondence between J-invariant symmetric 
2-tensors and J-invariant 2-forms on a Kahler manifold. Indeed, given 
a J-invariant symmetric 2-tensor (p{JX, JY) = (f)(X,Y) = (f){Y,X), 
let F{X,Y) = (t){JX,Y). Then F is a 2-form F{Y,X) = -F{X,Y) 
which is J-invariant F (JX, JY) = F {X,Y). Conversely, given a J- 
invariant 2-form H{JX,JY) = H {X,Y) = -H{Y,X), let v{X,Y) = 
—H (JX, Y). Then rj is symmetric r] (Y, X) = rj {X, Y) and J-invariant 
rj {JX, JY) = r] {X, Y). The Kahler form lo is defined to be the 2-form 
induced by a Hermitian metric g, and the Ricci form p is defined to be 
the 2-form induced by the Ricci tensor Re of g. These definitions are 
justified by the following standard facts: 

Lemma 42 Let J be an almost- complex structure on (A^",g). 

49 
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1. If {Ai,g) is Kdhler, then Re is J -invariant. 

2. If {^A , g) is Kdhler, then p is closed. 

3. If g is Hermitian, then J is parallel if and only if lo is closed. 

It follows easily that the Ricci flow preserves a Kahler structure. 
Indeed, (1) implies that g remains Hermitian, whence (2) and (3) imply 
that J remains parallel, because 

|«;.) = d(|.)=d(-2p) = o^ 

A key observation for the constructions in this section is the following: 

Lemma 43 Let (p be a J -invariant symmetric 2-tensor and let F be the 
corresponding J -invariant 2-form. Then (p satisfies the Lichnerowicz- 
Laplacian heat equation 

if and only if F satisfies the Hodge-Laplacian heat equation 



Proof. If ^0 = Al(P, then direct computation gives 

Qi^ij = ^ [4Aj) = 4 [A<Pkj + 2Rkpgj(t>"' - R'Ai - rU 

= ^Fij + 2 Jj Rkpqj'f'^ - RjFif - Jj Rk<Pje- 
The Hodge-de Rham Laplacian of F is 
A,F,, = - {d5F)^^ - {5dF)^^ 



V.V^Ffc, - VjV'Fk, + V' {VkFij - ViFkj + V,F, 



ki) 



AF„- - ( V'^V, - V.VM Fk, + V'^V, - V,VM Fk. 



= ^Fij + 2g R^^jFim — Ri Fkj - Rj Fik- 

The identity 

{R{Z,W) X,Y) = {R{X,Y) Z,W) 

= {R {X, Y) JZ, JW) = {R {JZ, JW) X, Y) 
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implies in particular that R {JZ, W) X = —R (Z, JW) X, and hence 



Ji Rkpqj(t^'' — —RikqjJp'f' — 9 RkijqJ^ 4>l — 9 Rkij-^^q- 



Thus 



d_ 
dt 
But since the Ricci tensor is J-invariant, we have 



TrrFij — A^Fij — Jj Rf^cpji + Ri Fkj- 



so that 



t£ Tjk _ jk Tji 



- Jj Rk(t)je. — -JkR-i 'Pje — -Ri Fkj- 



Hence -^F = A^F. The converse is proved similarly, q.e.d. 

Proposition 44 // {Ai",g{t)) is a Kdhler solution of the Ricci flow 
with non-negative curvature operator on a closed manifold, the choices 

1 

A = tp+-uj 



and 



yield the estimate 



t^ 

E = dR 

2 



< Rm ([/, [/) - 2 (VvFP, U) + ^ \W\^ + - Re (W, W) 

4t^ t 

+ Re 2 {W, W) + ]- {VVR) {W, W) 
for all t > such that the solution exists. 
Proof. The choice A = tp + ^lo satisfies 

by the preceding lemma, and 



\A\ = t Rc +tR^ . 

4 



li E = df for some smooth function /, then E will satisfy 

—E = AdE-d\A\^ 
dt ' ' 
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if and only if 



•'ll^)^^-^^^-'^!''^!^-^-! 



The choice / = —t^R/2 satisfies 

— / = A/ - t^ iRcl^ - ti?. 

So to apply Theorem ^, we need only check that ^ {A, E, U, W) > at 
i = for any 2-form U and 1-form W. Noting that Rc^ {JW, JW) = 
Re ^ [W, W), we compute 



* {A, E, U, W) = Rm {U, U) - 2t {VwP, U) + - \W\^ + t Re {W, W) 

+2 

+ t^ Rc 2 {W, W) + - ( VVi?) {W, W) . 



This is clearly non-negative at t = whenever the curvature operator 
is. Hence Theorem ^ implies in particular that < ^ (^A, E, U, jW^ 
for all U and W at any t > such that the solution exists, q.e.d. 



To apply Corollary 41, we note that 6E = 6df = yAi?. Because 



{5A), = t {6p)^ + i (Su;), = tV^pi, = tJfV^Rk, = ^J^V^R, 



we have 



(M) {V) = -jfVkRV" = 77 (Vii, JV) . 



Then setting V = tJX, we compute 

V' {A, E, V) = Re {V, V) - t {VR, JV) 

+ (t^ iRcl^ + tR + ^) + *-AR 



+ 2 1^^+2 



4/ 2 

Ai2 + 2|Rcp + f 
+2 (Vii, X) + 2 Re {JX, JX) 



obtaining: 
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Example 45 If (A4,g{t)) is a Kdhler solution of the Ricci flow with 
non-negative curvature operator on a closed manifold, then for any vec- 
tor field X and allt > such that a solution exists, we have the estimate 



< 



^R+j + 2{VR,X) + 2Rc{X,X) 



-(?-!.)■ (") 



The terms in square brackets compose Hamilton's trace quadratic. 
So this special case of our general inequality is weaker than that esti- 
mate. To gauge the potential usefulness of our inequality, however, we 
can make qualitative comparisons. Taking X = 0, we obtain 



r,dR ^ n d 



t{tR + - 



Hence at any x E 7W and times ^2 ^ ^i with t2 7^ 0, we have 

If we have an ancient solution, so that the interval of existence is t G 
(—00, Q), we can translate in time t >-^ t — T and take the limit as r — > 00 
to conclude that Ris a pointwise nondecreasing function of t. Thus this 
particular example ( |4.1| ) of our general result is strong enough to recover 
that important fact. (Compare Q and Q.) 

On the other hand, suppose ti > and there is some constant C > 
such that R(x,ti) > nC/ti. Then for all ^2 £ \ti,Cti\ we have 

R{x,ti) fti\ nC n (1 \ R{x,ti) 



R{x,t2)>^-^+^ — + — b^-1 > 



2^2 yt^J 2ti 2t2 \C J - 2^2 • 

In all known applications of a trace LYH inequality, one has ti > c > 
0. Thus in this sense also, the special case (4.1) of Corollary ^ is 
qualitatively equivalent to Hamilton's estimate. 

Remark 46 // {Ai"',g{t)) is a Kdhler solution of the Ricci flow on 
a closed manifold, we can choose A = p and E = —dR/2 (thereby 
dropping the explicit time dependency from Example \^ ) and thus obtain 
the quadratic 

* (p, -\dR, U, Wj = Rm {U, U) - 2 {VwP, U) 

+ Re 2 {W, W) + ]- (VVi?) {W, W) . 

One would not, however, expect this to be positive for general initial 
data. 
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4.2 Other examples 

Proposition 47 Let (^A4'^,g{t)^ be a solution of the Ricci flow on a 
closed surface, and let dS denote the area element of g. Then for any 
pair {(j), f) solving the system 

^^(t> = M + R<t> (4.2a) 

^^f = Af + ct>\ (4.2b) 

the choices A = cpdS and E = —2df yield the trace quadratic 
^ {A, E,X)=R \X\^ + 2 (V,/., X) + ^/ 

and the matrix quadratic 

^ {A, E, U, W) 
= R \U\^ - 2 (V0, W) (w, U) + (/>2 \W\^ + 2 (VV/) {W, W) . 

Ifip>0{^>0) att = 0, then ■0 > (^ > 0) for as long as the solution 
exists. 

Example 48 On any closed surface (Al^,^) of non-negative curvature 
evolving by the Ricci flow, the pair [(f), f) given by 

6 = tR+l 



tcp = t^R + t 



yield the estimate 



0<^^R + 2{VR,X) + R\X\^ + ^^±^ 
for any vector field X and all t > such that a solution exists. 

It is remarkable that this special case of Proposition ^ recovers the 



result in Example 45. Even though Proposition 47 is a priori more 



general than Proposition ^ in the sense that it depends only on the 
dimension, the construction in Proposition 47 is specific to surfaces, 
and does not generalize readily to higher-dimension manifolds (whether 
Kahler or not). 



In analogy with Remark 46, one can drop the explicit time depen- 



dency in Example Hq and notice that the choices (j) = f = R solve 



system ( 4.2a )-( 4.2b|) , obtaining: 
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Remark 49 On any closed surface (A^^,g(t)) evolving by the Ricci 
flow, one has the trace LYH quadratic 

7p (A, E, X) = —R + 2 (VR, X) + R \X\^ . 
at 



Proof of Proposition 47. Write the area element of g as {dS)^: = 
Jfgkj: and suppose that A = 4)dS for some smooth function 0. Then 
using the standard fact that ^dS = —RdS, we get 

Because A^A = (Ac/)) dS, it follows that A satisfies the Hodge heat 
equation -^A = A^A if and only if evolve by equation ( |4.2a ). Now 
suppose E = —2df for some smooth function /. Then since 



\Af = 4>'g"'g''Jfgpj4g,e = 2<A^ 

d 



it follows that E satisfies -^E = A^E — d |Ap if and only if 



-2d (^f) =2{dd + 6d) {df) -A(t)d(t) = -2d (A/ + </.2) . 

Hence we can apply Theorem 4C with any solution / of ( |4.2b| ). 
To apply Corollary HTl we first calculate 

{5A\ = {5 {cPdS),} = {VU) idS\^ = VU4gkj = 4Vk<P = (J dcl>\ . 

Then we need only note that 5E = 2Af and set V = 2JX in the 
resulting expression: 

V' {A, E, V) = ^R \Vf - 2 (V(^, JV) + 202 + 2A/. 

q.e.d. 
Proof of Example |48| . The choice (/) = tR+ 1 satisfies 

d 

—<j) = t (AR + R^)+R = A(j) + R4>. 
at ^ ' 

Then [[ f = t(j) = t^R + t, we get 

^/ = t (A0 + i?</.) + = A/ + {tR + 1) ,/, = A/ + <i?. 
Hence the trace LYH quadratic takes the form 

V' {A, E, tX) = t^ (r \X\^ + 2 {VR, X) + AR + rA + 2tR + 1, 
which is certainly positive at t = 0. q.e.d. 
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Remark 50 On any surface (^A4'^,g{t)^ of strictly positive curvature 
evolving by the Ricci flow, the trace inequality 

0<R\X\^ + 2{V<p,X) + -^^f 



in Proposition ^1 can he deduced from the following calculations. Let 



F = Af + 4i^ - R-^ |V(/>r and observe that 

^F = A (A/ + (/.2) +RF + R(l? + 2(t)A(t) - |V(/)p 

- 2R-^ {{V(p, VA(P) + <j) (V0, VR)) + R-"^ lV</>p AR. 
Since by Bochner, 

AF = A (A/ + 02) - 2R-^ ( (VA(/., V(/.) + \VV(i)\^ + ^ lV</>n 

+ R-^ (lV0|2 AR + 2 (VR, V \V(pf)) - 2R-^ \VRf \V<p\'^ . 



we have 

—F = AF + RF + R(j)'^ + 2(j)A(j) 
at 

+ 2R-^ (l VV0 - R-^VR O V(/.|^ - (V0, VR) 
>AF + RF + R-^ {A(j) - (V(/>, V In i?) + (fiPf . 
The inequality on the last line is equivalent to the estimate 
N = R {Rtj)^ + 2(j)A<l)) + 2 (\VV<p - R'^VR ® Vcpf - (j) (V0, VR) 
-{Ac/)- {V(l),VlnR) + (PRf 
= 2 (\VV<pf - (V lV0p , Vlni?\ + |V0p \VlnRf 



(A0)2 - 2A(^ {Vcp, V In i?) + (V(/), V In RY 
2 I VV0 - V0 V In Rf - {A(P - {V(p, V In R)f > 0. 



Our final example makes no use of a Kahler structure: 

Example 51 If {M."^ , g {t)) is any solution of the Ricci flow on a closed 
manifold, the choice A = ^ lets us take E = —df for any solution f of 
the ordinary heat equation ^/ = A/, and leads to the LYH quadratic 

^ (0, -df, U, W) = Rm ([/, U) + ( VV/) {W, W) . 
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In case the curvature operator of{A4,g) is non-negative initially (hence 



for all time), Theorem ^C applies whenever VV/ > initially and is 
equivalent to the statement that the weak convexity of f is preserved. 
(Compare Remark 2 in ^6 of ^.) 
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